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Steve King: Neutrinos 
and Flavour Models, GUTs 
and Strings, Cosmology, 
SUSY Models

Pasquale Di Bari: 
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GUTs

Sasha Belyaev (CMS): 
BSM, Collider 
Phenomenology

 Stefan Antusch                                                                                   University of Basel & MPI of Physik (Munich) 28!

More generally in GUTs, when charged lepton corrections dominate ... 
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See e.g.: hep-ph/0508044 



2 Postdocs, 8 students in Invisibles areas
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Symmetry Models, GUTs 
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Symmetry Models, GUTs

David Jones (Student)Neutrinos and Leptogenesis

Plus 5 other students: Leptogenesis, BSM, Collider
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Family Symmetry and Cosmology

Thomas Neder (Invisibles Junior ESR PhD student)
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Absolute neutrino mass scale? 

Neutrino Mass and Mixing

A fascinating puzzle...
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Neutrino Tri-Mixing Patterns

where ΦTB
i are just the columns of the TB mixing matrix. As shown in Appendix B, due

to the unitarity of UR and the special form of the mass matrix MR in Eq. (4.1), the only
non-zero parameter is α13 = −α∗

31 whose dependence on the input parameters α, β, γ,∆
is given in Eqs. (B.15,B.16). The fact that only α13 = −α∗

31 is non-zero implies that UR

is of TM form as expected. Furthermore, since,

UT
RMRUR = Mdiag

R , (4.8)

it is then straightforward to derive the lepton mixing matrix UPMNS, as in Eq. (2.9),

UPMNS =
mD

yvu
UR . (4.9)

Due to the trivial structure of mD as well as a diagonal charged lepton sector, the PMNS
mixing matrix can thus be directly obtained from UR by permuting the second and the
third row as well as multiplying the Majorana phase matrix P on the right and another
phase matrix P ′ on the left, leading to UPMNS = UTM where,

UTM ≈ P ′
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P . (4.10)

The matrix P ′ has to be chosen such that the PMNS matrix without Majorana phases
is brought to the standard PDG form where the 2-3 and 3-3 elements are real and the
mixing angles are all between 0◦ and 90◦. In linear approximation, the required form of
P ′ becomes

P ′ ≈ diag(1, a+,−a−) , a± = 1± i ·
Im(α13)√

3
. (4.11)

Multiplying this explicit form of the phase matrix P ′ we obtain a mixing matrix that is
consistent with the standard PDG phase conventions.

It is useful to compare the TM mixing matrix in Eq. (4.10) to a general parametrisation
of the PMNS mixing matrix in terms of deviations from TB mixing [25],

UPMNS ≈
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P , (4.12)

where the deviation parameters s, a, r are defined as [25],

sin θ12 =
1√
3
(1 + s) , sin θ23 =

1√
2
(1 + a) , sin θ13 =

r√
2
. (4.13)

This comparison yields

s ≈ 0 , a ≈
Re (α13)√

3
, r cos δ ≈ −

2√
3
Re (α13) , δ ≈ arg (α13) + π , (4.14)

15

where ΦTB
i are just the columns of the TB mixing matrix. As shown in Appendix B, due

to the unitarity of UR and the special form of the mass matrix MR in Eq. (4.1), the only
non-zero parameter is α13 = −α∗

31 whose dependence on the input parameters α, β, γ,∆
is given in Eqs. (B.15,B.16). The fact that only α13 = −α∗

31 is non-zero implies that UR

is of TM form as expected. Furthermore, since,

UT
RMRUR = Mdiag

R , (4.8)

it is then straightforward to derive the lepton mixing matrix UPMNS, as in Eq. (2.9),

UPMNS =
mD

yvu
UR . (4.9)

Due to the trivial structure of mD as well as a diagonal charged lepton sector, the PMNS
mixing matrix can thus be directly obtained from UR by permuting the second and the
third row as well as multiplying the Majorana phase matrix P on the right and another
phase matrix P ′ on the left, leading to UPMNS = UTM where,

UTM ≈ P ′







2√
6

1√
3

− 2√
6
α∗
13

− 1√
6
+ 1√

2
α13

1√
3

1√
2
+ 1√

6
α∗
13

− 1√
6
− 1√

2
α13

1√
3

− 1√
2
+ 1√

6
α∗
13






P . (4.10)

The matrix P ′ has to be chosen such that the PMNS matrix without Majorana phases
is brought to the standard PDG form where the 2-3 and 3-3 elements are real and the
mixing angles are all between 0◦ and 90◦. In linear approximation, the required form of
P ′ becomes

P ′ ≈ diag(1, a+,−a−) , a± = 1± i ·
Im(α13)√

3
. (4.11)

Multiplying this explicit form of the phase matrix P ′ we obtain a mixing matrix that is
consistent with the standard PDG phase conventions.

It is useful to compare the TM mixing matrix in Eq. (4.10) to a general parametrisation
of the PMNS mixing matrix in terms of deviations from TB mixing [25],

UPMNS ≈







2√
6
(1− 1

2s)
1√
3
(1 + s) 1√

2
re−iδ

− 1√
6
(1 + s− a+ reiδ) 1√

3
(1− 1

2s− a− 1
2re

iδ) 1√
2
(1 + a)

1√
6
(1 + s+ a− reiδ) − 1√

3
(1− 1

2s+ a+ 1
2re

iδ) 1√
2
(1− a)






P , (4.12)

where the deviation parameters s, a, r are defined as [25],
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15s = a = r = 0

s = a = 0, r �= 0

Thus, apparently following the adage “many a little makes a mickle”, one is led to a
2σ indication for a non-zero value of θ13. This corresponds to a value for θ13 in the 1σ
range (in degrees),

θ13 = 8o ± 2o. (6)

In any case it is certainly theoretically plausible that θ13 could take a value in the above
range [7], so it is interesting to consider this possibility, and we emphasize this more
general motivation.

It is well known that the solar and atmospheric data are consistent with so-called
tri-bimaximal (TB) mixing [8],
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P, (7)

corresponding to the mixing angles, 1

θ12 = 35.26o, θ23 = 45o, θ13 = 0o. (8)

The ansatz of TB mixing matrix is interesting due to its symmetry properties which seem
to call for a possibly discrete non-Abelian family symmetry in nature [9]. There has been
a considerable amount of theoretical work in this direction [10, 11, 12, 13, 14, 15]. The
presence of a non-zero reactor angle as in Eq.6 would be clearly inconsistent with the TB
prediction for the zero reactor angle in Eq.8 and so the TB ansatz would be excluded,
even though the predictions for the solar and atmospheric angles remain acceptable.

In this paper we shall explore the possibility of extending the TB mixing matrix to
allow for a non-zero reactor angle θ13, while at the same time preserving the predictions
for the tri-maximal solar angle and the maximal atmospheric angle given by Eq.8, namely
θ12 = 35.26o and θ23 = 45o. In order to maintain these predictions requires,

|Ue2|2

|Ue1|2
=

1

2
,

|Uµ3|2

|Uτ3|2
= 1. (9)

To leading order in Ue3 the conditions in Eq.9 correspond approximately to,

|Ue2|2 ≈ 1/3, |Uµ3|2 ≈ 1/2. (10)

We refer to the above proposal as as tri-bimaximal-reactor (TBR) mixing, to emphasize
that tri-maximal solar mixing and maximal atmospheric mixing are both preserved while

1Note that different versions of the TB mixing matrix appear in the literature with the minus signs
appearing in different places corresponding to differing choices of charged lepton and Majorana phases.
We prefer the convention shown which emerges from the PDG parametrization when the angles are set
equal to those shown in Eq.8
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2
sinα (only up to order �) , (3.10)

α2 = −α + 2 � sinα − 3 �2 sin 2α , (3.11)

α3 = 0 . (3.12)

Note that the PMNS matrix has only one non-trivial Majorana phase as one of the neutrinos is

exactly massless. These results are only slightly modified if we choose the (1, 0, 2)
T

alignment

for the subdominant neutrino term: θ23 → π
2 − θ23, δ → π + δ, δe → π + δe, and δµ ↔ δτ . All

observables in the neutrino sector can be expressed in terms of ma, � and α. Excluding Majorana

phases (and the mass of the massless neutrino), this means that the model class makes three

predictions which should be testable in future oscillation experiments since θ13 is comparatively

large.

It is useful to compare the above predictions to a general leading order parametrisation of

the PMNS mixing matrix in the PDG convention in terms of deviations from TB mixing [15],

UPMNS =
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where the deviation parameters s, a, r are defined as [15],
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At leading order the above predictions can be expressed by

a = r cos δ , s = 0 , (3.15)
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where the predicted reactor angle may be compared to Eq. (1.1).
4

We emphasise that these

predictions hold true for both the (1, 2, 0)
T

as well as the (1, 0, 2)
T

alignment. In both cases,

with a suitable choice of phase convention, the leading order mixing matrix can be written in

the form,

UTM1 = P �
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where Eq. (3.17) corresponds to a small angle expansion of TM1 mixing in Eq. (1.2). However,

from the general argument given earlier in this subsection, we expect TM1 mixing in Eq. (1.2)

to be valid to all orders beyond the small angle approximation.

4Note that in a model where the charged lepton mass matrix is not diagonal, one must combine the charged
lepton corrections with the underlying TB neutrino mixing deviations to formulate the total observed deviation
from TB mixing as discussed in [16].
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where the deviation parameters s, a, r are defined as [24],
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s ≈ 0 , a ≈ 0 , (3.12)

we find [5]:

UTBR =







√

2
3

1√
3

1√
2
re−iδ

− 1√
6
(1 + reiδ) 1√

3
(1− 1

2re
iδ) 1√

2
1√
6
(1− reiδ) − 1√

3
(1 + 1

2re
iδ) 1√

2






P. (3.13)

TBR mixing has recently been obtained in an S4 setup [6]. Alternative proposals [25–36]
that have been put forward to accommodate the T2K result could similarly be compared
using the deviation parameters s, a, r. With future neutrino oscillation experiments being
able to not only accurately measure the reactor angle, parametrised here as r, but also
the atmospheric and solar deviation parameters a, s and eventually the CP violating
oscillation phase δ, it is clear that relating these deviation parameters via sum rules
comprise the next step in discriminating different models of lepton masses and mixings.

4 Conclusions

In the well known direct models of tri-bimaximal (TB) mixing, based on A4 and S4, the
TB mixing is enforced by a Klein symmetry ZS

2 × ZU
2 in the neutrino sector, together

with a ZT
3 symmetry in the charged lepton sector, where a common basis corresponds to

a diagonal charged lepton mass matrix. It is also well known that TB mixing can emerge
from either S4, which contains the generators S, T, U , or A4, which contains S, T . In the
case of A4 the U symmetry emerges accidentally as a result of the absence of flavons in
the 1′ or 1′′ representations of A4. Such models are called “direct models” since (some
of) the group generators remain unbroken in different sectors of the low energy effective
theory. Although this simple and appealing picture is apparently shattered by the T2K
results, which indicate a sizeable reactor angle θ13, simple alternative possibilities such as
tri-bimaximal-reactor (TBR) mixing remain.

We have proposed a renormalisable S4 model of leptons. We have studied the vacuum
alignment in the S4 model and shown that it predicts accurate TBR neutrino mixing due
to a TB violating flavon which preserves µ− τ antisymmetry but only enters the neutrino
sector at higher order, resulting in approximate TB mixing.

Although the S4 model of leptons presented here involve diagonal charged lepton mass
matrices, when the models are extended to include quarks, for example in the framework
of SU(5) unification, we would expect the charged lepton sectors (but not the neutrino
sectors) of these models to be modified. This could introduce additional contributions to
lepton mixing from the charged lepton sector. Interestingly the S4 model here preserves

12
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Excluded by Daya Bay

s = solar                                 a = atmospheric      r = reactor 
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Family Symmetry and GUTs



Neutrinos and Flavour Models
At Southampton we have worked on models all of these mixing 
patterns, plus the Golden Ratio, using discrete family symmetries 
A4, A5, S4, Δ27,	  	  Δ96,	  PSL(2,7),..

Type I see-saw models may be formulated in diagonal right-
handed neutrino basis using different types of sequential 
dominance, or in the symmetry basis where subgroups are preserved 
in neutrino sector

We have also considered type II and III see-saw models

We have integrated these patterns of neutrino mixing into GUT 
models based on SU(5), SO(10), E6,...

Typically the mixing patterns apply to the neutrino sector and 
lepton mixing involves (small) charged lepton corrections as well 
as (small) RG and CN corrections  





Leptogenesis
We have shown that in flavour models with form dominance leptogenesis is 
exactly zero at leading order due to form dominance, but may be switched on 
by HO or RG corrections 

We are amongst the first to study flavour dependent thermal Leptogenesis 
which is dominated by the second right-handed neutrino N2 

For example, the two right-handed neutrino model has regions where N2 
dominates, corresponding to sequential dominance 

In SO(10) inspired models we showed that N2 domination plays crucial role 

For non-zero initial abundance, under certain conditions we showed that the 
washout may be particularly ineffective: phantom leptogenesis

We showed that the  density matrix is useful formalism for describing such 
effects 

In SUSY leptogenesis, the reheating temperature may be lowered by such 
effects   



Dark Matter at Colliders



Dark Matter at Colliders
We have studied usual CMSSM paradigm 

As well as MSSM with non-universal Higgs, third family 
sparticles and non-universal gauginos 

We studied USSM with an extra gauged U(1)’

We studied the E6SSM where Wimp may be either a Bino (as 
in MSSM) or a new inert singlino/Higgsino combination 

We showed that if WIMP is an inert singlino/Higgsino then 
the Higgs may decay into it (bad) 

But the gluino may also decay into inert singlino/Higgsino
(good) giving distinctive signatures in gluino decay (longer 
cascade decay chains, more leptons, less missing energy)



Conclusion
Southampton has interest in three invisibles areas: 
Neutrinos and Flavour Models, Leptogenesis, Dark 
Matter at Colliders

Southampton is part of the UK NExT Collaboration

Experiment-Theory 
Collaboration 

We provide a full program 
of PhD training lectures 
“Invisibles” are welcome!


